We give a new upper bound for the smallest eigenvalues of the Dirac operator on a Riemannian flow carrying transversal Killing spinors. We derive an estimate on both Sasakian and 3-dimensional manifolds, and partially classify those satisfying the limiting case. Finally, we compare our estimate with a lower bound in terms of a natural tensor depending on the eigenspinor.
Introduction
The spectrum of the Dirac operator has been studied for a long time. Lower bounds of the Dirac operator are in general obtained by a suitable modification of the Levi-Civita connection and the use of the Schrödinger-Lichnerowicz formula. The limiting cases are characterized by the existence of special spinors which give rise to particular geometries.
For a manifold M isometrically immersed into one of the three simply-connected space-forms R +1 S +1 , or H +1 C. Bär got upper bounds for the eigenvalues of the Dirac operator of M in terms of the mean curvature of the hypersurface [4] . His results follow from the Min-Max-principle using parallel or Killing spinors as test-spinors.
In this paper, we aim at studying the spectrum of the Dirac operator on manifolds arising as a total space of submersions over real space forms. More generally, we study Riemannian flows (see Section 2) which are locally given by Riemannian submersions with 1-dimensional fibres. We are interested in the following question:
Preliminaries
For preliminaries about spin structures on Riemannian foliations, we refer to [15] . Let (M +1 ) be an ( + 1)dimensional Riemannian manifold together with a Riemannian flow defined by a unit vector field ξ [9] . It is a 1-dimensional foliation of M satisfying ( ξ )(Z W ) = 0 (1) for all Z W orthogonal to ξ, where ξ is the Lie derivative in the direction of ξ The metric is a bundle-like metric in the sense of [21] . We denote by Q = ξ ⊥ the normal bundle with the induced metric . The condition (1) gives rise to a natural covariant derivative ∇ on Q, called the transversal Levi-Civita connection [23] and which is defined for any Z ∈ Γ(Q) by
where ∇ M is the Levi-Civita connection of M and π : T M → Q is the orthogonal projection. The connection ∇ M is then related to ∇ through the following Gauss-type formula [15] : for all Z W ∈ Γ(Q),
where the tensor (Z ) = ∇ M Z ξ is the O'Neill tensor and κ = ∇ M ξ ξ is the mean curvature of the flow. We point out that is a skew-symmetric endomorphism-field of Q as a consequence of (1) . In particular, one may associate a 2-form Ω to on Q through Ω(Z W ) = ( (Z ) W ) for all Z W ∈ Γ(Q) Local Riemannian products of 1-dimension with Riemannian manifolds constitute the simplest examples of Riemannian flows. In that case the unitary vector field ∂ is parallel, and it in particular defines a Riemannian flow with geodesic fibres (i.e., κ = 0) and vanishing O'Neill tensor. The transversal Levi-Civita connection locally corresponds to the one on the 1-codimensional leaf. Other particular examples are provided by Sasakian manifolds, whose definition is recalled:
Definition 2.1.
A Sasakian manifold is a Riemannian flow (M +1 ) given by a unit vector field ξ with i) κ = 0, i.e., the flow is minimal, ii) 2 = −Id Q , i.e., is an almost-Hermitian structure on Q,
iii) ∇ = 0, i.e., is parallel on Q (hence a Kähler structure on Q).
It can be easily checked that this definition is equivalent to the usual one, where one requires ξ to be a unit Killing vector field satisfying
for all X Y ∈ Γ(T M). From Definition 2.1 the tensor field defines a canonical Kähler structure on the normal bundle Q of any Sasakian manifold. In particular such a manifold is always odd-dimensional. We shall from now on set = 2 . In the following we shall also omit to write for the flow and consider a Sasakian manifold as a triple (M 2 +1 ξ).
Definition 2.2.
A Riemannian flow is called η-Einstein if and only if there exist real constants λ and ν such that
These metrics were first introduced by Okumura [18] and were also studied by Galicki and Boyer [7, 8] . The scalar curvature of η-Einstein Sasakian manifolds is constant and equal to 2 (λ + 1)
Relation (2) between the Levi-Civita connections can be easily extended to sections of ΣM: for every ψ ∈ Γ(ΣM), we have [15] 
where Z ∈ Γ(Q). Here we may view (3) as an analogue to the standard Gauss-Weingarten formula for hypersurfaces [24] , where the O'Neill tensor plays the role of the second fundamental tensor.
On a Sasakian manifold, the form Ω is the Kähler form of the normal bundle and its action induces the following orthogonal decomposition of the spinor bundle of M, (see e.g. [17] for details):
where Σ M is the rank--eigenbundle associated with the eigenvalue (2 − ) of Ω. Moreover, the action of ξ on each Σ M, 0 ≤ ≤ , is given by
Main theorem
In this section, we establish an upper bound for the first eigenvalue of the Dirac operator on a Riemannian flow carrying transversal Killing spinors (see (5) below) by computing the associated Rayleigh quotient. We first recall the Min-Max Principle [10] for the Dirac operator on a compact Riemannian spin manifold (M ). We denote by (· ·) = M · · the scalar product on L 2 (ΣM) induced by the Hermitian product · · on ΣM and by · its associated norm.
Min-Max Principle.
Let (λ ) ≥1 be the spectrum of the Dirac operator on (M ) with 0 ≤ |λ
where the minimum is taken over all -dimensional vector subspaces E of Γ(ΣM)
Applying this theorem means choosing a subspace E of sections of ΣM called test-sections, on which the Rayleigh
is evaluated.
Let (M +1 ) be a spin Riemannian flow. Recall [14] that, for α β ∈ C, an (α β)-transversal Killing spinor on M is a smooth section ψ ∈ Γ(ΣM) satisfying, for all Z ∈ Γ(Q),
An (α β)-transversal Killing spinor is a parallel section of ΣM w.r.t. the covariant derivative
for all X ∈ Γ(T M) and ∈ Γ(ΣM). In particular, if it vanishes at one point it vanishes everywhere on M. General geometric aspects of Riemannian flows carrying transversal Killing spinors have been studied in [14] , where the existence of a large family of examples is shown, including circle bundles over manifolds with Killing spinors or suitable deformations of Einstein-Sasaki manifolds. Note also that a (0 β)-transversal Killing spinor corresponds to a basic Killing spinor [15] .
Theorem 3.1.
Let (M +1 ) be a compact spin Riemannian flow. Assume the existence of a non-zero (α β)-transversal Killing spinor ψ on M for complex constants α β. Then
In particular, if α and β are real and |ψ| = 1 on M, then we have an upper bound for the lowest eigenvalue λ 1 (D 2 M ) of the square of the Dirac operator:
Here it is important to notice that the upper bound Proof. Plugging equations (5) into (3), we compute the Dirac operator of ψ and we obtain
We now compute D 2 M ψ. On the one hand, we have
On the other hand, we write for all Z ∈ Γ(Q)
Hence, we deduce that
Using the local expression of the form Ω it can be easily proven that
Finally, we obtain
We now evaluate the Rayleigh quotient on ψ. For the remainder, we suppose that α and β are real, and since the norm of ψ is constant, we may assume that |ψ| = 1 Using the fact that the product X · ψ ψ is purely imaginary and that X · ψ Y · ψ = (X Y )|ψ| 2 for all X Y ∈ Γ(T M), the scalar product of (9) with ψ gives
A straightforward computation shows that
Integrating on M and applying the divergence theorem we find
The Min-Max Principle concludes the proof.
Remark 3.2.
It would be simpler to compute |D M ψ| 2 by (8) to obtain the upper bound in Theorem 3.1. However, we chose to compute D 2 M ψ because its expression is required for the limiting case in the Min-Max Principle.
Examples 3.3.
1. Let M +1 be a compact spin manifold admitting a unit parallel vector field ξ. This is equivalent to the fact that M is locally the product of two Riemannian manifolds, one of those being 1-dimensional. The vector field ξ defines a Riemannian flow on M with totally geodesic fibres and vanishing O'Neill tensor. If moreover we assume that M carries a (0 β)-transversal Killing spinor (for example M = S 1 × N where N is a Riemannian spin manifold carrying a non-zero β-Killing spinor and S 1 is endowed with the trivial spin structure), we deduce from [1, Thm.
, and hence we have equality in (7) .
2. Consider an ( + 1)-dimensional flat torus M = T +1 with its trivial spin structure. It is shown in [14] that a parallel spinor on M induces an (α 0)-transversal Killing spinor for some α ∈ R * (in fact α is related to the length of the S 1 -fibers such that T +1 = S 1 × T ). In this case, the upper bound given in Theorem 3.1 is equal to α 2 , which is positive. Therefore equality is not attained, since the first eigenvalue is equal to 0 This shows that the upper bound obtained in Theorem 3.1 depends sensitively on the transversal Killing spinor chosen on the Riemannian flow.
Case of Sasakian manifolds
In this section, we simplify the estimate in Theorem 3.1 for Sasakian manifolds and study the limiting case. We illustrate our results with some examples.
The estimate
In [14] it is shown that the existence on a Sasakian manifold M 2 +1 of a non-zero (α β)-transversal Killing spinor ψ with real α and β implies αβ = 0 Moreover, if M is compact and > 1 then it cannot carry any non-zero (0 β)-transversal Killing spinor for non-zero β.
Corollary 4.1.
Under the hypotheses of Theorem 3.1, if furthermore M is Sasakian and α β ∈ R then
Moreover, the equality can only occur if β = 0. In that case, ψ = ψ 0 + ψ , the flow is η-Einstein and if α = 0 then either ψ is eigen for the Clifford action by Ω or is odd.
Proof. From (4) , the following estimate holds pointwise: |Ω·ψ| 2 ≤ 2 |ψ| 2 . Together with (7) , it is then straightforward to derive the inequality (10) .
If (10) is an equality, then on the one hand |Ω · ψ| 2 = 2 |ψ| 2 , from which ψ = ψ 0 + ψ follows, and on the other hand
That is, using (6) with κ = 0, ∇ = 0 and αβ = 0,
and therefore β = 0. The rest of the proof directly follows from [14, Prop. 5.1].
Remark 4.2.
Decomposing ψ into eigenspinors for the Clifford action by Ω it is actually easy to show that
which has the advantage of being independent of ψ. However, the equality case in that estimate is more complicated to handle than (10), which is why we shall not consider it further in this paper.
-homothetic changes of metric
We • If ψ 0 = 0 and α > 0, then the spinor field ψ 0 corresponding to ψ 0 on the Sasakian manifold (M 2 +1 ξ ) is harmonic for = 2α .
• If ψ = 0 and (−1) +1 α > 0, then the spinor field ψ corresponding to ψ on the Sasakian manifold (M 2 +1 ξ ) is harmonic for = (−1) +1 2α .
Proof. We already know from [14, Lemma 3.3] that the spinor field ψ is an ( α 0)-transversal Killing spinor. It follows from (9) that for the metric ,
where D is the Dirac operator associated with Using [14, Lemma 2.3] we have Ω · ψ = (Ω · ψ) and obtain
Assume now that M is compact and (10) is an equality on (M 2 +1 ξ). If α = 0 then ψ = ψ 0 + ψ and we get D 2 ψ = 2 4 ψ which implies that ψ is not harmonic for any When α = 0 we have for ψ = ψ
Note that this vanishes for = 2α , which can of course only happen if α > 0. In the case ψ = ψ , the equality above becomes ). However since there exists at least one ∈ R * + such that (S 2 +1 ) admits non-zero harmonic spinors [3] , the equality in (10) , is not the one that crosses the zero line. Equivalently, Proposition 4.3 cannot be applied to the existence of harmonic spinors on (S 2 +1 ) since the assumptions on the sign of α are not fulfilled.
Consider now the quotient M = Γ \ S 3
where Γ is a non-trivial finite subgroup of SU 2 . Every such quotient endowed with the metric induced by the standard metric on S 3 with constant sectional curvature 1, is again a Sasakian manifold. Moreover (see [14, Notes 5.9 .2]), there exists a spin structure on M for which M carries a one-dimensional space of (−1 0)-transversal Killing spinors and analogously the upper bound (10) 
The 3-dimensional case
In this section, we consider 3-dimensional Riemannian flows. We deduce from Theorem 3.1 an estimate in terms of the O'Neill tensor and we classify all the manifolds satisfying the case of equality. Under the hypotheses of Theorem 3.1, assume furthermore that α β ∈ R and κ = 0. Then
The estimate
Moreover, if (12) is an equality, then is constant and either β = 0 or = 0 Proof. The estimate is a direct consequence of Theorem 3.1 and of the fact that for any spinor field ψ ∈ Γ(ΣM) we have Ω · ψ = ξ · ψ If (12) is an equality, then we have
On the other hand (9) gives
Using the fact that is constant along the flow, we then write
Hence, we find
After identifying the real parts, the Hermitian product with ψ gives us that
which implies that the function must be constant on M Hence β = 0 and the proof is achieved.
Examples 5.2.
1. Let M be the Riemannian product S 1 × S 2 , where S 2 carries its canonical spin structure and its canonical metric with sectional curvature 1 and S 1 its trivial spin structure. The manifold M is then a trivial fibration over S 2 with vanishing O'Neill tensor. Moreover, we have already shown in Example 3.3 that the first eigenvalue of the Dirac operator is equal to 1 and the manifold M carries a 0 ± 1 2 -transversal Killing spinor. Hence we have 
Classification of limiting manifolds
In this section, we classify all 3-dimensional manifolds satisfying the limiting case in inequality (12) . Recall that if we have equality, then either = 0 (which means that M is a local a Riemannian product) or β = 0 with non-zero constant (which implies that (M 2 ) is Sasakian). Using the classification of compact 3-dimensional Sasakian manifolds [6, 13] , we classify in [14] , up to -homothetic deformations of the metric, all compact manifolds admitting (α β)-transversal Killing spinors with constant . Therefore, we discuss the following cases [14, Prop. 6.4]:
• Case where α = β = 0: The manifold M is isometric to either the flat torus T 3 or the Heisenberg manifold, both endowed with their trivial spin structure.
• Case where α = 0 β = 0: In this case, the O'Neill tensor vanishes and the manifold is isometric to the Riemannian product S 1 × S 2 , where S 1 carries its canonical spin structure and S 2 its canonical one.
• Case where α = 0 β = 0: Since is constant, we can distinguish two subcases:
-First, if = 0 then the scalar curvature on (M 2 ) is equal by (11) to −2 − 8α. The manifold M is then isometric either to the quotient Γ \ S 3 (α < 0) or the manifold Γ \ PSL 2 (R) (α > 0). -If = 0, then the manifold M is Ricci flat and in dimension 3 this implies flatness. Hence M is a Bieberbach manifold with a suitable spin structure, i.e., M is isometric to the quotient G \ R 3 = 1 5, where G are subgroups of the group of Euclidean motions SO 3 R 3 .
Note that in [14] , we show that an (α 0)-transversal Killing spinor on a Bieberbach manifold M could be lifted to an (α 0)-transversal Killing spinor on the Euclidian space R 3 the universal cover on M invariant under the action of G Therefore the existence of such spinors induces equivariance conditions on the generators of G , for = 1 5. Now we recall these conditions and show that the first eigenvalue of the square of the Dirac operator on these manifolds is equal to α 2
The spin structures on G \ R 3 , = 1 5, are in bijective relation to the homomorphisms ε : G → Spin 3 such that = Ad • ε, i.e., the following diagram commutes [20] clidean motions SO 3 R 3 .
Note that in [16] , we show that an (α, 0)-transversal Killing spinor on a Bieberbach manifold M could be lifted to an (α, 0)-transversal Killing spinor on the Euclidian space R 3 , the universal cover on M, invariant under the action of G i . Therefore the existence of such spinors induces equivariance conditions on the generators of G i , for i = 1, . . . , 5 (they are expressed below). Now we recall these conditions and we will show that the first eigenvalue of the square of the Dirac operator on these manifolds is equal to α 2 .
The spin structures on G i \ R 3 , i = 1, . . . , 5, are in bijective relation to the homomorphisms ε : G i → Spin 3 such that r = Ad • ε, i.e., the following diagram commutes [22] For the spin structure (δ 1 δ 2 δ 3 ) = (1 0 0) and forξ = 1 consider the basis 1 = π α 0 0 , 2 = (0 1 0), 3 = (0 0 1). Therefore, associated with this basis, the manifold M carries an (α 0)-transversal Killing spinor and moreover the spectrum of the square of the Dirac operator on M is given by [12] 
Hence the lowest eigenvalue for the square of the Dirac operator is associated with ( ) = (0 0 0), and it is equal to α 2 , which is the upper bound in (12) . Finally, we point out that for the trivial spin structure (δ 1 δ 2 δ 3 ) = (0 0 0), the Dirac operator admits 0 as an eigenvalue and the limiting case in (12) cannot be achieved.
• Case = 2: The group G 2 is generated by three translations associated with the basis 1 = (0 0 H), 2 = (L 0 0), 3 = (T S 0), with H L S > 0, T ∈ R, and by = A 1 2 1 , where A is a π-rotation around the -axis. The values of ε on the generators are given by ε( 1 ) = −1, ε( ) = πδ for = 2 3, and ε( ) = πδ
The existence of an (α 0)-transversal Killing spinor on M implies that δ = 0, for = 2 3, and H ≡ π α (1 + 2δ 1 ) 4π α The spectrum of the square of the Dirac operator is given for the spin structure (δ 1 δ 2 δ 3 ) = (0 0 0) by 
Hence for δ 1 = 0 (resp. δ 1 = 1), the lowest eigenvalue corresponds to = = µ = 0 (resp. = = 0) and = 1 (resp. = 1 and µ = −1), and it is equal to π 2 H 2 We then deduce for H = π α (resp. H = − π α ) that the equality in (12) is realized.
• Case = 3: The group G 3 is generated by three translations associated with the basis 1 = (0 0 H), 2 = (L 0 0), 3 where µ ∈ Z and ( ) ∈ I with
Hence for δ 1 = 0, the lowest eigenvalue is equal to π 2 H 2 , which implies the equality in (12) for H = π α Now for δ 1 = 1, the lowest eigenvalue is equal to min 16π 2 
The lowest eigenvalue is given by π 2 H 2 for δ 1 = 0, and we have equality in (12) for H = π α Also, for δ 1 = 1 the lowest eigenvalue is equal to min π 2 H 2 + 4π 2 where µ ∈ Z and ( ) ∈ I with
The lowest eigenvalue is given by π 2 H 2 for δ 1 = 0, and the equality in (12) is attained for H = π α Also for δ 1 = 1 the lowest eigenvalue is equal to min 25π 2 To sum up, we prove that on each of the Bieberbach manifolds G \ R 3 , for = 1 5, the upper bound in the estimate (12) is attained.
